— APPLIED GENERAL TOPOLOGY

=
\£ © Universidad Politécnica de Valencia
—M —— Volume 11, No. 2, 2010
APPLIED GENERAL TOPOLOGY pp. 954101

Closed injective systems and its fundamental

limit spaces

MARcIO COLOMBO FENILLE

ABSTRACT. In this article we introduce the concept of limit space
and fundamental limit space for the so-called closed injected systems
of topological spaces. We present the main results on existence and
uniqueness of limit spaces and several concrete examples. In the main
section of the text, we show that the closed injective system can be con-
sidered as objects of a category whose morphisms are the so-called cis-
morphisms. Moreover, the transition to fundamental limit space can be
considered a functor from this category into the category of topological
spaces and continuous maps. Later, we show results about properties
on functors and counter-functors for inductive closed injective system
and fundamental limit spaces. We finish with the presentation of some
results of characterization of fundamental limit spaces for some special
systems and the study of the so-called perfect properties.
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1. INTRODUCTION

The purpose of this article is to introduce and study what we call the cat-
egory of closed injective systems and cis-morphisms and the concept of limit
spaces of such systems.

We start by defining the so-called closed injective systems (CIS to shorten),
and the concepts of limit space for such systems. We have particular interest in
a special type of limit space, those we call fundamental limit space. In Section
Bl we introduce this concept and we demonstrate theorems of existence and
uniqueness of fundamental limit spaces. In Section Bl we present some very
illustrative examples.
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Section Blis one of the most important and interesting for us. There we show
that a closed injective system can be considered as a object of a category, whose
morphisms are the so-called cis-morphisms, which we define in this occasion.
Furthermore, we prove that this category is complete with respect to direct
limits, that is, all inductive system of CIS’s and cis-morphisms has a direct
limit.

In Section B, we prove that the transition to the fundamental limit can be
considered as a functor from the category of CIS’s and cis-morphisms into the
category of topological spaces and continuous maps.

In Section [ we show that the transition to the direct limit on the cate-
gory of CIS’s and cis-morphisms is compatible (in a way) to transition to the
fundamental limit space.

In section B we study a class of special CIS’s called inductive closed injec-
tive systems. In the two following sections, we study the action of functors
and counter-functors, respectively, in such systems, and present some simple
applications of the results demonstrated.

We finish with the presentation of some results of characterization of funda-
mental limit space for some special systems, the so-called finitely-semicomponi-
ble and stationary systems, and the study of the so-called perfect properties
over topological spaces of a system and over its fundamental limit spaces.

2. CLOSED INJECTIVE SYSTEMS AND LIMIT SPACES

Let {X;}5°, be a countable collection of nonempty topological spaces. For
each i € N, let Y; be a closed subspace of X;. Assume that, for each i € N,
there exists a closed injective continuous map

fi Vi = Xina.

This structure is called closed injective system, or CIS, to shorten. We write
{X;,Y;, fi} to represent this system. Moreover, by injection we mean a injective
continuous map.

We say that two injection f; and f;+1 are semicomponible if f;(Y;)NY;41 # 2.
In this case, we can define a new injection

fiiva [ (Yig) = Xigo

by fii+1(y) = (fix1 0 fi)(y), for all y € fi_l(YHl). For convenience, we put
fii = fi. Moreover, we say that f; is always semicomponible with itself. Also,
we write f; ;1 to be the natural inclusion of Y; into X; for each ¢ € N.

Given 4,5 € N, j > 7+ 1, we say that f; and f; are semicomponible if f;
and fiy1 are semicomponible for all i +1 < k < j — 1, where

fir: Fipoa (Ye) = Xiga

is defined inductively. To facilitate the notations, if f; and f; are semicom-
ponible, we write

}/ivj: . (}/J)v

i,5—1
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that is, Y;; is the domain of the injection f; ;. According to the agreement
fii = fi, we have Y;; = Y;.

Lemma 2.1. If f; and f; are semicomponible, i < j, then fi and f; are
semicomponible, for any integers k,l with 1 < k <1 < j. If f; and f; are not
semicomponible, then f; and fi are not semicomponible, for any integers k > j.

Lemma 2.2. If f; and f; are semicomponible, with i < j, then
Yij=(fi—10--0fi) H(Y;) and fi;j(Yij) = (fjo fij—1)(Yij-1)-

The proofs of above results are omitted.
Henceforth, since products of maps do not appear in this paper, we can
sometimes omit the symbol o in the composition of maps.

Definition 2.3. Let {X;,Y;, f;} be a CIS. A limit space for this system is a
topological space X and a collection of continuous maps ¢; : X; — X satisfying
the conditions:

L.2. Fach ¢; : X; — X is a imbedding;

L.3. ¢i(Xi)N¢;(X;) = ¢ fij—1(Yij—1) if i < j and f; and f; are semicom-

ponible;

L4. ¢,(X;)N¢;(X;) =@ if fi and f; are not semicomponible;
where = indicates, besides the equality of sets, the following: If x € ¢;(X;) N
i (X;), say x = ¢i(x;) = ¢j(x;), with v; € X; and x; € X;, then we have
necessarily x; € Y; j_1 and x; = f; j_1(x;).

Remark 2.4. The “pointwise identity” indicated by = in L.3 reduced to iden-
tity of sets indicates only that

¢i(Xi) N (X;) = ¢i(Yij—1) N b fij—1(Yij—1)

The existence of different interpretations of condition L.3 is very important.
Furthermore, equivalent conditions to those of the definition can be very useful.
The next results give us some practical interpretations and equivalences.

Lemma 2.5. Let {X,¢;} be a limit space for the CIS {X;,Y;, fi:} and suppose
that f; and f; are semicomponible, i < j. Then &;fij—1(yi) = ¢i(y;) for
Yi €Y 1.

Proof. Let y; € Y; j_1 be a point. By condition L.3 we have ¢;f; j—1(y;) €
¢:(X;), that is, ¢;fi j—1(y;) = ¢i(x;) for some z; € X;. Again by condition
L3, z; € Yij—1 and f; j—1(z;) = fij—1(y:). Since each fj is injective, also
fij—1 is injective. Therefore x; = y;, which implies ¢; fi j—1(yi) = ¢i(y;). O

Lemma 2.6. Let {X, ¢;} be a limit space for the CIS {X;,Y, fi} and suppose
that f; and f; are semicomponible, with i < j. Then

¢i(Xi = Yij-1) N (X — fij—1(Yij—1)) = 2.
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PTOOf. It is obvious that if z € ¢1(Xz — }/iyjfl) N ¢j(Xj — fiﬁjfl(}/iyjfl)) then
x € ¢;(Xi) N (X;) = ¢; fij—1(Yi —1). But this is a contradiction, since ¢; is
an iIIlbeddiIlg7 and so ¢j(Xj — fi,j—l(yvi,j—l)) = ¢J(X]) — ¢jfi7j_1(Y;)j_1). Il

Proposition 2.7. Let {X;,Y;, f;} be an arbitrary CIS and let ¢; : X; — X
be imbedding into a topological space X = U2 ¢:(X;) satisfying the following
properties:
L4. ¢:(X;)Né;(X;) =2 always that f; and f; are not semicomponible;
L5 ¢;fii—1(yi) = ¢i(yi) for every y; € Y j—1, always that f; and f; are
semicomponible, with i < j;
L.6. le(Xz - }/iﬁjfl) n ¢j(Xj - fiyjfl(}/iﬁjfl)) = @, always that fz and fj
are semicomponible, with i < j.

Then {X, ¢:} is a limit space for the CIS {X;,Y:, fi}.

Proof. We will prove that condition L.3 is true. Suppose that f; and f; are
semicomponible, with ¢ < j. By condition L.5, the sets ¢;(X;) N ¢;(X;) and
¢;fij—1(Yi j—1) are nonempty. We will prove that they are pointwise equal.

Let x € ¢i(Xi)ﬂ¢j(Xj), say r = ¢1(£L'l) = ¢j(xj) with z; € X; and T; € Xj.
Suppose, by contradiction, that z; ¢ Y; ;_1. Then ¢;(z;) € ¢:(X; — Yij—1).
By condition L.6 we must have (bj (IJ) = (bZ(Il) ¢ gf)j (XJ - fiﬁjfl(}/iyjfl)), that
is, ¢j($j) S (bjfi,j—l(Y;,j—l)' So Tj € fi7j_1(Y;)j_1). Thus, there is Yi € }/;7j_1
such that f; j—1(y;) = z;. By condition L.5, ¢i(yi) = ¢;fij-1(yi) = ¢;j(z;).
However, ¢;(z;) = ¢i(z;). It follows that ¢;(y;) = ¢i(x;), and so z; = y; €
Y; j—1, which is a contradiction. Therefore x; € Y; ;1.

In order to prove the remaining, take z € ¢;(X;) N ¢;(X;), * = ¢i(y;) =
¢j(z;), with y; € Y; j_1 and z; € X;. We must prove that z; = f; j—1(y:).
By condition L.5, ¢;fi i—1(vi) = ¢i(y:) = ¢j(x;). Thus, the desired identity is
obtained by injectivity.

This proves that ¢Z(X’L) n ¢j(Xj) = ¢jfi,j71(}/i,jfl) and so that {X, ¢1} is

a limit space for {X;,Y;, fi}. O
Corollary 2.8. Condition L.3 can be replaced by both together L.5 and L.6.
Proof. Lemmas EZH e EXfl and Proposition 277 implies that. O

Theorem 2.9. Let {X;,Y;, fi} be a CIS. Assume that {X, ¢;} and {Z,4;} are
two limit spaces for this CIS. Then there is a unique bijection (not necessarily
continuous) B : X — Z such that v; = o ¢; for every i € N.

Proof. Define 8 : X — Z in the follow way: For each x € X, we have z =
¢i(x;), for some x; € X;. Then, we define G(x) = ¢;(x;). We have:

o 3 is well defined. Let x € X be a point with = ¢;(z;) = ¢;(z;), where
z; € X;, Tj € Xj and ¢ < j. Then x € (bz(Xz) ﬂ¢j(Xj) = (bjfi,j—l(Y;,j—l) and
xj = fij—1(x;) by condition L.3. Thus ¢;(z;) = ¥, fij—1(z;) = ¥i(z;), where
the latter identity follows from condition L.3.

e (3 is injective. Suppose that 8(z) = B8(y), z,y € X. Consider x = ¢;(z;)
and y = ¢;(y;), ; € Xi, y; € Xj, ¢ < j (the case where j < ¢ is symmetrical
and the case where ¢ = j is trivial). Then ¢;(z;) = B(z) = B(y) = ¥;(y;)-
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It fOHOWS that 1/)Z(ZEZ) = 1/)J(yj) S /(/)’L(XZ) n 1/)J(Xj) = 1/}jfi,jfl(}/i,jfl)- By the
condition L.3, z; € Y; ;1 and y; = fi j—1(z;). By condition L.5, it follows that

¢i(zi) = ¢j fij—1(xi) = ¢;(y;). Therefore z = y.

e (3 is surjective. Let z € Z be an arbitrary point. Then z = 1);(x;) for some
z; € X;. Take z = ¢;(z;) and we have (z) = z.

The uniqueness is trivial. O

3. FUNDAMENTAL LIMIT SPACE

In this section, we define the main concept of this paper, namely, the fun-
damental limit space for a closed injective system.

Definition 3.1. Let {X, ¢;} be a limit space for the CIS {X;,Y;, fi}. We say
that X has the weak topology (induced by the collection {¢; }ien) if the following
sentence is true:

A C X is closed in X < ¢;*(A) is closed in X; for every i € N.
When this occurs, we say that { X, ¢;} is a fundamental limit space for {X;,Y;, fi}.
Proposition 3.2. Let {X, ¢;} be fundamental limit space for the CIS{X;,Y:, fi}.
Then ¢;(X;) is closed in X for every i € N.

Proof. We will prove that ¢j_1(¢i(Xi)) is closed in X; for any ¢,7 € N. We
have

X; it =
%] if 7<yj, fi and f; not semicomponible
(bj_l(qﬁi (X)) = (%] if 7>y, f; and f; not semicomponible

fij—1(Yij—1) if i< jand f; and f; are semicomponible
fii—1(Yji-1) if i> jand f; and f; are semicomponible

In the first three cases it is obvious that qﬁj_l(qﬁi(Xi)) is closed in X;. In
the fourth case we have the following: If j = ¢+ 1, then f;;_1(Y; ;1) =
fi(Y:), which is closed in X141, since f; is a closed map. For j > i + 1,
since f; is continuous and Y;4q is closed in X;4q, then Y, ;41 = f;l(Yi_H) is
closed in X;. Thus, since f; is closed, Lemma 22 shows that f; j41(Yii+1) =
fix1fi(Yii) = fix1fi(Y3), which is closed in X;1;. Again by Lemma we
have fiﬁjfl(}/iyjfl) = fjflfihij(}/i’jfz). Thus, by induction it follows that
fi,j—1(Yij—1) is closed in X;. The fifth case is similar to the fourth. O

Corollary 3.3. Let {X, ¢;} be a fundamental limit space for the CIS {X;,Y;, fi}.
If X is compact, then each X; is compact.

Proof. Each X; is homeomorphic to the closed subspace ¢;(X;) of X. O

Proposition 3.4. Let {X,¢;} and {Z,¢;} be two limit spaces for the CIS
{X:,Y;, fi}. If {X, i} is a fundamental limit space for {X;,Y;, fi}, then the
bijection B : X — Z in Theorem[Z4 is continuous.

Proof. Let A be a closed subset of Z. We have f71(A) = U2,¢i(¢; ' (A)) and
qﬁj_l(ﬁ_l(A)) =97 (A). Since 1, is continuous and X has the weak topology,

J
we have that 37!(A) is closed in X. O
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Theorem 3.5 (Uniqueness of the fundamental limit space). Let {X, ¢;} and
{Z,1;} be two fundamental limit spaces for the CIS {X;,Y;, fi}. Then, the
bijection B : X — Z in Theorem [Z is a homeomorphism. Moreover, 3 is the
unique homeomorphism from X onto Z such that v¥; = o ¢; for every i € N.

Proof. Let ' : Z — X be the inverse map of the bijection 3. By preceding
proposition, 3 and 3 are both continuous maps. Therefore 3 is a homeomor-
phism. The uniqueness is the same of Theorem |

Theorem 3.6 (Existence of fundamental limit space). Every closed injective
system has a fundamental limit space.

Proof. Let {X;,Y;, fi} be an arbitrary CIS. Define X = XoUs, X1Uy, XoUy, - - -
to be the quotient space obtained of the coproduct (or topological sum) []7° ) X;
by identifying each Y; C X; with f;(Y;) C X;41. Define each ¢; : X; — X
to be the projection from X; into the quotient space X. Then {)N(, @it is a
fundamental limit space for the given CIS {X,,Y;, fi}. O

The latter two theorems implies that every CIS has, up to homeomorphisms,
a unique fundamental limit space. This will be remembered and used many
times in the article.

4. EXAMPLES OF CIS’S AND LIMIT SPACES

In this section we show some interesting examples of limit spaces. The first
example is very simple and the second shows the existence of a limit space which
is not a fundamental limit space. This example will be highlighted in the last
section of the article. The other examples show known spaces as fundamental
limit spaces.

Example 4.1 (Identity limit space). Let {X;,Y;, f;} be the CIS with Y; =
X, = X and f; = idx for every i € N, where X is an arbitrary topological
space and idx : X — X is the identity map of X. It is easy to see that { X, idx}
is a fundamental limit space for {X;,Y;, fi}.

Example 4.2 (Existence of limit space which is not a fundamental limit space).

Assume Xy = [0,1) and Yy = {0}. Take X; = Y; = [0,1] for each ¢ > 1. Let

fo : Yo — X1 be the inclusion f(0) = 0 and f; = identity for each i > 1.
Consider the sphere S! as a subspace of R2. Define the maps

b0 : Xo — S by ¢o(t) = (cosmt, —sinmt) and

b X; — S by ¢i(t) = (cosmt,sint), for each i > 1.

It is easy to see that S* = [J;=, ¢;(X;) and each ¢; is an imbedding onto its
image. Moreover, ¢;(X;) N ¢;(X;) = ¢; fi,j—1(Y:), which implies condition L.3.

Therefore, {S', ¢;} is a limit space for the CIS {X;,Y;, f;}. However, this
limit space is not a fundamental limit space, since ¢o(Xp) is not closed in S,
(or again, since S! is compact though Xy is not). (See Figure 1 below).
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Now, we consider the subspace X = {(z,0) €¢ R? : 0 <z < 1} U{(0,y) €
R?:0 <y < 1} of R2. Define the maps
o : Xo— X by to(t) =(0,t) and
P Xi — X by ¢(t) = (¢,0), for each i > 1.
We have X = |J;2,¢:(X;), where each ¢; is an imbedding onto its im-
age, such that ¥;(X;) is closed in X. Moreover, since ¢;(X;) N ¥;(X;) =
¥ fij—1(Y3), it follows that {X,;} is a fundamental limit space for the CIS

{X.,Y;, fi}. (See Figure 2 above). Note that the bijection 3 : S — X of
Theorem 0 is not continuous here.

Example 4.3 (The infinite-dimensional sphere S°°). For each n € N, we
consider the n-dimensional sphere

S = {(21,. .. @np1) ERM 2R 4o h a2, = 1),

and the “equatorial inclusions” f, : S™ — S"*1 defined by f,(z1,...,2Tn11) =
(1,...,Znt1,0). Then {S™, S™ f,} is a CIS. Its fundamental limit space is
{5, ¢, }, where S is the infinite-dimensional sphere and, for each n € N,
the imbedding ¢,, : S™ — S°° is the natural “equatorial inclusion”.

Example 4.4 (The infinite-dimensional torus 7°°). For each n > 1, we con-
sider the n-dimensional torus 7" = [];_, S* and the closed injections f, :
T" — T"*! given by fu(21,...,7,) = (21,...,2n,(1,0)), where each z; €
S1. Then {T",T", f,} is a CIS, whose fundamental limit space is {1, ¢},
where T°° = [[;2, S1 is the infinite-dimensional torus and, for each n € N,
the imbedding ¢, : T™ — T is the natural inclusion ¢, (z1,...,2,) =
(x1,...,2n,(1,0),(1,0),...).

Example is a particular case of the following one:

Example 4.5 (CW-complexes as fundamental limit spaces for its skeletons).
Let K be an arbitrary CW-complex. For each n € N; let K™ be the n-skeleton
of K and consider the natural inclusions [,, : K™ — K™t! of the n-skeleton
into the (n + 1)-skeleton. If the dimension dim(K) of K is finite, then we put
K™ =K and l,, : K™ — K™% to be the identity map, for every m > dim(K).
It is well known that a CW-complex has the weak topology with respect to their
skeletons, that is, a subset A C K is closed in K if and only if AN K™ is closed
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in K™ for every n. Thus, {K™, K", 1,} is a CIS, whose fundamental limit space
is {K, ¢}, where each ¢, : K™ — K is the natural inclusions of the n-skeleton
K" into K.

For details of the CW-complex theory see [2] or [6].
The example below is a consequence of the previous one.

Example 4.6 (The infinite-dimensional projective space RP*°). There is al-
ways a natural inclusion f, : RP® — RP™*! which is a closed injective con-
tinuous map. (the m-dimensional projective space RP" is the n-skeleton of
(n + 1)-dimensional projective space RP"*1). Tt follows that {RP" RP™, f,}
is a CIS. The fundamental limit space for this CIS is the infinite-dimensional
projective space RP>°.

For details about infinite-dimensional sphere and projective plane see [2].

5. THE CATEGORY OF CIS’S AND CIS-MORPHISMS

Let X = {X,,Y;, fi}: and 3 = {Z;, W;, ¢:}: be two closed injective systems.
By a cis-morphism b : X — 3 we mean a collection h = {h; : X; — Z;}; of
closed continuous maps checking the following conditions:

1. hi(Y;) C W; for every i € N.

2. hit10 fi = gi o hily, for every i € N.
This latter condition is equivalent to commutativity of the following diagram
for each i € N:

hily;
Y ——— =W,

Xiy1 Zit1

i+1

We say that a cis-morphism § : X — 3 is a cis-isomorphism if each map
h; : X; — Z; is a homeomorphism which carries Y; homeomorphicaly onto W;.

For each arbitrary CIS, say X = {X;,Y;, fi}:, there is an identity cis-
morphism 1 : X — X given by 1, : X; — X; equal to identity map for each
1€ N.

Moreover, if h : X1 — %2 and £ : X3 — XG) are two cis-morphisms, then
it is clear that its natural composition

toh:xM - x®

is a cis-morphism from X into %),
Also, it is easy to check that associativity of compositions holds whenever
possible: if h: XM — x@) ¢ 2@ - x6) and ¢: X3 — @ then

to(toh)=(rok)oh.
This shows that the closed injective system and the cis-morphisms form a
category, which we denote by €is. (See [3] for details on basic category theory).
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Theorem 5.1. All inductive systems on category €is admit limit.

Proof. Let {X(™ ("™}, be an inductive system of closed injective system
and cis-morphisms. Each X(™) is of the form X(™ = {Xi(n)7 Y;("), fi(")}i and
each h(m™) : x(m) — () ig a cis-morphism and, moreover, hP?) o h(97) = p(#)
for every p,q,r € N.

For each m € N, we write (™ to be h™) when m =n + 1.

For each i € N, we have the inductive system {Xi("),hgm")}mm, that is,
the injective system of the topological spaces X i(l), X 52), ... and all continuous
maps hl(m") : Xi(m) — XZ-(n), m,n € N, of the collection h™").

Now, each inductive system {X™, h{"™™},,, . can be consider as the closed
injective system {X; () X(" , En)}n Let {Xi,fl-(")}n be a fundamental limit
space for {X; () X () p n)}

X;
gm
g™
) (n)
plam) i Rmm) i)

Then, each {i(") : XZ-(n) — X, is an imbedding and we have {i(m) = (bgn)ohgm")
for all m < n. Moreover, X; has a weak topology induced by the collection

(&M,

For any m,n € N, with m < n, we have
) = 60 0B ) € €01,

by condition 1 of the definition of cis-morphism. Moreover, each 51-(") (YZ—(")) is

closed in Xj;, since each {Z-(n) is an imbedding.
For each ¢ € N, we define
Yi=J e
neN

Then, by preceding paragraph, Y; is a union of linked closed sets, that is, Y;
is the union of the closed sets of the ascendent chain

V) c ey o c M) cgmI ) -

Now, since {Xi,fl-(")}n is a fundamental limit space for {XZ-("), Y-(" h(" tos
for each m € N, we have

(fi(m))il(yi) = (§§m))71(UneN§(n) (Yl("))) = Y™ which is closed in XZ-(m).

2

Therefore, since X; has the weak topology induced by the collection {{i(")}n,
it follows that Y; is closed in Xj.

Now, we will build, for each ¢ € N, an injection f; : ¥; — X;;; making
{X;,Y;, fi}i a closed injective system. For each i € N, we have the diagram
shown below.
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(n)
YW S ey

2 2 K3

v

)y
XH-l ) Xit1
i+1

For each z € { ( )) C XZ7 there is a unique y € Y( ") such that {Z-(n) (y) =
2. Then, we define f;(z) = (§l+1 o fl"))( ).

It is clear that each f; : 51(" (Yi(")) — X, 1 is a closed injective continuous

map, since each &; and fi(") are closed injective continuous maps.

Now, we define f; : Y; — X;1 in the following way: For each x € Y}, there
is an integer n € N such that =z € 51-(" (Y. Them7 there is a unique y € Yi(n)
such that {Z-(n) (y) = z. We define f;(z) = (§l+1 o fi(”))(y).

Each f; : Y; — X;y1 is well defined. In fact: suppose that z belong to
§§m) Yyy™)n §Z(n)(Y1") Suppose, without loss of generality, that m < n. There
are unique y,, € Y™ and y,, € Y;* such that §fm) (ym) =y = ¢1(-") (yn)- Then,

= 2™ (). Thus,

§+ﬁv*’@n>—§H4of"> I (ym) = G R o™ (ym) = €7 0™ ().
Now, since each f; : Y; — X;;1 is obtained from a collection of closed
injective continuous maps which coincides on closed sets, it follows that each
fi is a closed injective continuous map.
This proves that {X;,Y;, f;}; is a closed injective system. Denote it by X.
For each n € N, let £ : (") — X% be the collection

£ =& X" = X}

It is clear by the construction that £ is a cis-morphism from ¥(") into X.
Moreover, we have £™) = §(mn) o £() " Therefore, {X,£(™},, is a direct limit
for the inductive system {X(™ pm™)}, . O

6. THE TRANSITION TO FUNDAMENTAL LIMIT SPACE AS A FUNCTOR

Henceforth, we will write Top to denote the category of the topological spaces
and continuous maps.

For each CIS X = {X,,Y}, fi}:, we will denote its fundamental limit space
by £(X). The passage to the fundamental limit defines a function

£ Cis — Top
which associates to each CIS X its fundamental limit space £(%) = {X, ¢;}.

Theorem 6.1. Let h : X — 3 be a cis-morphism between closed injective
systems and let £(X) ={X,¢i}i and £(3) = {Z,1:}i be the fundamental limit
spaces for X and 3, respectively. Then, there is a unique closed continuous map

£h: X — Z such that £ o ¢; = 1p; o h; for every i € N.
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Proof. Write h = {h; : X; — Z;};. We define the map £h: X — Z as follows:
First, consider £(X) = {X, ¢;} and £(3) = {Z,;}. For each z € X, there is
x; € X;, for some i € N, such that @ = ¢;(x;). Then, we define

£h(x) = ;0 hi(x;).
This map is well defined. In fact, if z = ¢;(x;) = ¢;(x;), with ¢ < j, then
T € ¢i(Xi) N (X;) = ¢ fij—1(Yij—1) and x; = fi j_1(z;). Thus,
¥j 0 hj(xj) = ;0 hjo fij—1(zi) = ¥j0gi5-10hi(x:) = ¥i o hi(zs).
Now, since £h is obtained from a collection of closed continuous maps which
coincide on closed sets, £h is a closed continuous map.

Moreover, it is easy to see that £h is the unique continuous map from X
into Z which verifies, for each ¢ € N, the commutativity £ho ¢; =, 0 h;. O

Sometimes, we write £h : £(X) — £(3) instead £ : X — Y. This map is
called the fundamental map induced by b.

Corollary 6.2. The transition to the fundamental limit space is a functor from
the category Cis into the category Top.

For details on functors see [3].

Corollary 6.3. Ifh: X — 3 is a cis-isomorphism, then the fundamental map
£h: £(X) — £(3) is a homeomorphism.

This implies that isomorphic closed injective systems have homeomorphic
fundamental limit spaces.

7. COMPATIBILITY OF LIMITS

In this section, given a CIS X = {X;,Y;, f;} with fundamental limit space
{X, ¢;}, sometimes we write £(X) to denote only the topological space X. This
is clear in the context.

Theorem 7.1. Let {f{("), h(m")}mm be an inductive system on the category
Cis and let {X,£M},, its direct limit. Then {£(X()), £5(™)},. . is an in-
ductive system on the category Top, which admits £(X) as its directed limit
homeomorphic.

Proof. By uniqueness of the direct limit, we can assume that {¥, ®(},, is the
direct limit constructed in the proof of Theorem Bl Then, we have

EM . xM % given by £M = {§§n) : Xl-(n) — X},

where {Xi,ﬁgn)}n is a fundamental limit space for {XZ-("), Xl-(n)7 hl(-")}n.

By Theorem Bl {£(X(™), £(™™)},, . is a inductive system.

For each n € N, write X(") = {XZ-("), Y;(n), fl-(n)}i and £(X") = {X(™), qﬁgn)}i.
Moreover, write X = {X;,Y, fi}: and £(X) = {X, ¢;};. The inductive system
{£xM), Lo, can be write as {X ™) £pmm)},
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We need to show that there is a collection of maps {9 : X(") — X}, such
that {X,9(™},, is a direct limit for the system {X ™) £pmm)}

For each z € X, there is a point z; € X(n) for some ¢ € N, such that
z = ¢! (2;). We define 9™ : X(") — X by 9 n>( ) = ¢ 0 £ ().

The map 9 is well defined. In fact: If & = ¢\ (2;) = ¢\ (z;), with i < j,
then we have x € ¢(-") (X(")) ¢<") (X(" )= ¢(" fi 7; 1(Y(") ) and, moreover,

7,j—1

T = fl(?) 1(z;) and x; € Y;; C X;. Now, in the diagram below, the two

triangles and the big square are commutative. In it, we write §i )| and ¢in)| to
denote the obvious restriction. It follows that

;0 & (7)) = g0 € o fiym1(n)(zi) = @5 0 figo1 0 & (wi) = ¢y 0 £ (1)

This is sufficient to prove that the map 9™ is well defined. Moreover, note
that this map makes the diagram below in a commutative diagram.

X, fij—1 Xj

A

£ : () gl

X("
N

(n) (n)
Y;] j(n) X‘
i,j—1

Now, by Theorem Bl we have £h™) o gbz(-m) = (bl(") o hl(") for all integers
m < n, since £(X") = {X®™ ¢},

Let z € X(™) be an arbitrary point. Then, there is z; € Xi(m) such that
xr = ¢1(-m)(:1ci). Also, for each n € N with m < n, we have £h(™™(z) =
&™ o h{"™™ (2;). Thus, we have,

9 0 £60") () = ¢; 0 &8 (1™ (1)) = 6 0 £ (1) = 0 (@),

This shows that 9() o £5(™") = 9(™) for all integers m < n.

Let A be a closed subset of X. Then it is clear that (¢; 0£ ™)1 (A) is closed
in X, since ¢; and £&™ are continuous maps. Now, we have (9(™)~1(A) =
(;55")((@- o gi("))*l(A)). Then, since gbl(-") is an imbedding (and so a closed
map), it follows that (9™)~1(A) is a closed subset of X (™). Therefore, 9™ is
continuous.

Now, it is not difficult to prove that {X, 9™}, satisfies the universal map-
ping problem (see [3]). This concludes the proof. O
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8. INDUCTIVE CLOSED INJECTIVE SYSTEMS

In this section, we will study a particular kind of closed injective systems,
which has some interesting properties. More specifically, we study the CIS’s of
the form {X;, X;, f;}, which are called inductive closed injective system, or an
inductive CIS, to shorten.

In an inductive CIS {X;, X;, fi}, any two injections f; and f;, with i < j,
are componible, that is, the composition f; ; = fj o--- o f; is always defined
throughout domain X; of f;.

Hence, fixing ¢ € N, for each j > ¢ we have a closed injection f;; : X; —
Xj+1. Because this, we define, for each i < j € N,

fi=idx, : X; — X; and fij = fij-1:Xi — Xj

By this definition, it follows that fF = fJ’? o ff , for all ¢+ < j < k. Therefore,
{X;, ff} is an inductive system on the category Top.

We will construct a direct limit for this inductive system.

Let [[X; = [[;2, X; be the coproduct (or topological sum) of the spaces
X;. Consider the canonical inclusions ¢; : X; — [[ X;. It is obvious that each
©; is a homeomorphism onto its image.

Over the space [ [ X; consider the relation ~ defined by:

Ja; € X;,y; € X with = ¢;(x;) e y = ¢;(y;), such that
T~y Y PR Y Y N Ry
y; = fi(w;) if i < j and z; = f(y;) if j <.

Lemma 8.1. The relation ~ is an equivalence relation over [ X;.

Proof. We will check the veracity of the properties reflexive, symmetric and
transitive.

Reflexive: Let x € X be a point. There is x; € X; such that x = ¢;(x;), for
some i € N. We have x; = f{(z;). Therefore x ~ z.

Symmetric: It is obvious by definition of the relation ~.

Transitive: Assume that z ~ y and y ~ z. Suppose that ¢ = @;(z;) and
y = @;(y;) with y; = ff (). In this case, i < j. (The other case is analogous
and is omitted). Since y ~ z, we can have:

Case 1: y = ¢;(y}) and z = @g(z;) with j < k and 2, = fF(y}). Then
©i(y;) =y = ¢;(y}), and so y; = yj. Since i < j < k, we have zj, = ff(yj) =
fjkff(acz) = fk(x;). Therefore z ~ 2.

Case 2. y = @;(y}) and z = @i (2x) with k& < j and ¢} = fl(2x). Then
yj = y;, as before. Now, we have again two possibility:

(a) Tt i < k < j, then fl(z) = y; = f/(z:) = flfF(x:). Thus z, = fF(a:)
and x ~ z. ‘ ‘ ‘

(b) If k < i < j, then f{(z;) = y; = fl(z) = f] fi(21). Thus z; = fi(zx)
and x ~ z. O

Let X = (][ X;)/ ~ be the quotient space obtained of [ X; by the equiv-
alence relation ~, and for each i € N, let ¢; : X; — X be the composition
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©i =po;, where p: [[X; — X is the quotient projection.

~ o p ~
@i+ X; [1X: X

Note that, since X has the quotient topology induced by projection p, a
subset A C X is closed in X if and only if &; *(A) is close in X; for each i € N.
Given z,y € [[ X; with x,y € X;, then z ~ y <& x = y. Thus, each ¢; is
one-to-one fashion onto @;(X;). Moreover, it is obvious that X = U2 00 (Xi)-
These observations suffice to conclude the following:

Theorem 8.2. {)N(,QZZ} is a fundamental limit space for the inductive CIS
{X,, Xi, fi}. Moreover, {X,¢;} is a direct limit for the inductive system {X;, f]}.

For details on direct limit see [3].

Remark 8.3. If we consider an arbitrary CIS {X;,Y;, fi}, then the relation
~ is again an equivalence relation over the coproduct [ [ X;. Moreover, in this
circumstances, if p;(z;) = ~ y = ¢;(y;), then we must have:

(a) If i = 4, then x = y.

(b) If i < j, then f; and f;_1 are semicomponible and z; € Y; ;_1;

(c) If i > j, then f; and f;_; are semicomponible and y; € Y; ;_1.
Therefore, it follows that the space X = (IT1 X:)/ ~ is exactly the attaching
space Xo Uyg, X1 Uy, Xo Uy, -+, and the maps @; are the projections from X;
into X, as in Theorem 0

9. FUNCTORIALITY ON FUNDAMENTAL LIMIT SPACES

Let F : Top — 9 be a functor of the category Top into a complete category
M (a category in which every direct (inductive) or inverse system has a limit).

Let {X;, X, fi} be an arbitrary inductive CIS, and consider the inductive
system {X;, ff } constructed in the previous section. The functor F turns this
system into the inductive system {FX; F ff } on the category 9.

Theorem 9.1 (of the Functorial Invariance). Let {X,¢;} be a fundamental
limit space for the inductive CIS {X;, X;, f;} and let {M,1;} be a direct limit
for {FX;, Fff} Then, there is a unique isomorphism h : FX — M such that
; = hoF¢; for every i € N.

Proof. By Theorem and by uniqueness of fundamental limit space, there is
a unique homeomorphism G : X — X such that @; = o ¢; for every i € N.
Hence, F3: FX — FX is the unique R-isomorphism such that Fp; = FGoF¢;.

Since {X, &;} is a direct limit for the inductive system {X;, f7} on the cate-
gory Top, it follows that {F)Nf, Fyp,;} is a direct limit of the system {F X, Fff}
on the category 9. By universal property of direct limit, there is a unique
isomorphism w : FX — M such that ¥; = w o Fo;.

Then, we take h : FX — M to be the composition h = w o F(. ]
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The universal property of direct limits among others properties can be found,
for example, in Chapter 2 of [3].

Now, we describe some basic applications of Theorem Bl We write 900 to
denote the (complete) category of R-modules and R-homomorphisms, where R
is a commutative ring with identity element.

Example 9.2. Let K be a CW-complex and let { K™, K™, 1, } be the CIS as in
Example EER Tt is clear that this CIS is an inductive CIS. Let F : Top — Moo
be an arbitrary functor. Given m < n in N, write [, to denote the composition
lp—g10+--0ly: K™ — K™ Then, {FK™ FI} is an inductive system on the
category 9Mo0. By Theorem @] its direct limit is isomorphic to FK.

Example 9.3 (Homology of the sphere S°°). Let {S™,S", f,} be the CIS of
Example Its fundamental limit space is the infinite-dimensional sphere
S, Let p > 0 be an arbitrary integer. By previous example, H,(S>) is
isomorphic to direct limit of inductive system {H,(S™), H,(f)}, where f;, =
fac10-+-0 fr, 0 S™ — 87, for m < n. Now, since H,(S™) = 0 for n > p, it
follows that H,(S°) = 0 for each p > 0.

Details on homology theory can be found in [1, [2] and [5].

Example 9.4 (The infinite projective space RP> is a K (Z2,1) space). We
know that 71 (RP") ~ Zy for all n > 2 and m (RP!) ~ Z. Moreover, for
integers m < m, the natural inclusion f;, : RP”* — RP" induces a isomorphism
(f2)# : m(RP™) =~ m (RP™). For details see [2].

The fundamental limit space for the CIS {RP™ RP", f,,} of Example Ll is
the infinite projective space RP*°. By Example @2 we have that 71 (RP) is
isomorphic to direct limit for the inductive system {m1 (RP™), (f7)%}. Then,
by previous arguments it is easy to check that 71 (RP*>°) =~ Z,.

On the other hand, for each r > 1, we have 7, (RP") = =,(S™) for every
n € N (see [2]). Then, 7,.(S™) = 0 always that 1 < r < n. Thus, it is easy to
check that 7, (RP>°) = 0 for each r > 1.

For details on homotopy theory and K (7, 1) spaces see [2] and [6].

Example 9.5 (The homotopy groups of $°°). Since 7,(S™) = 0 for all integers
r < mn, it is very easy to prove that m,.(5%°) = 0 for every r > 1.

Example 9.6. The homology of the torus T°.
Some arguments very simple and similar to above can be used to prove that
Ho(T>) ~ R and H,(T*) =~ @;-, R for every p > 0.

10. COUNTER-FUNTORIALITY ON FUNDAMENTAL LIMIT SPACES

Let G : Top — 9 be a counter-functor from the category Top into a com-
plete category 9 (a category in which every direct (inductive) or inverse system
has a limit).

Let {X;, X;, f;} be an arbitrary inductive CIS and consider the inductive
system {X;, ff } as before. The counter-functor G turns this inductive system
on the category Top into the inverse system {GXj, fo} on the category 1.
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Theorem 10.1 (of the Counter-Functorial Invariance). Let {X, ¢;} be a funda-
mental limit space for the inductive CIS {X;, X;, f;} and let {M,4;} be an in-
verse limit for {GX;, fo} Then, there is a unique tsomorphism h : M — GX
such that 1; = Ge; o h for every i € N.

Proof. By Theorem and by uniqueness of fundamental limit space, there
is a unique homeomorphism 3 : X — X such that p; = Bo¢;, for all i € N.
Hence, G3 : GX — GX is the unique isomorphism such that Gg; = G¢;0Gf.

Since {X,3;} is a direct limit for the inductive system {Xi, f/} on the
category Top, it follows that {G)? ,Gp;} is an inverse limit for the inverse
system {GX;, G ff } on the category 9. By universal property of inverse limit,
there is a unique isomorphism w : M — GX such that v, = Gp; o w.

Then, we take h : M — GX to be the composition h = G o w. O

The property of the inverse limit can be found in [3].
Now, we describe some basic applications of Theorem [l

Example 10.2 (Cohomology of the sphere S*°). Since H?(S™; R) ~ H,(S™; R)
for all p,n € Z, it follows by Theorem L1 and Example @3 that H(S°°; R) ~
R and HP(S°; R) = 0 for everyp > 0.

Example 10.3 (The cohomology of the torus T°°). Since the homology and
cohomology modules of a finite product of spheres are isomorphic, it follows by
Theorem [l and Example L8 that H°(T>°) ~ R and H?(T*°) ~ @;2, R for
every p > 0.

11. FINITELY SEMICOMPONIBLE AND STATIONARY CIS’S

We say that a CIS {X,,Y;, f;} is finitely semicomponible if, for each i € N,
there is only a finite number of indices j € N such that f; and f; (or f; and
fi) are semicomponible, that is, there is not an infinity sequence {fi}r>s, of
semicomponible maps. Obviously, {X;,Y;, f;} is finitely semicomponible if and
only if for some (so for all) limit space {X, ¢;} for {X;,Y;, fi}, the collection
{#:(X;)}; is a pointwise finite cover of X (that is, each point of X belongs to
only a finite number of ¢;(X;)’s).

We say that a CIS {X,,Y;, f;} is stationary if there is a nonnegative integer
no such that, for all n > ng, we have Y, = Y,, = X, = X, and f, =
identity map.

This section of the text is devoted to the study and characterization of the
limit space of these two special types of CIS’s.

Theorem 11.1. Let {X, ¢;} be an arbitrary limit space for the CIS {X;,Y;, fi}.
If the collection {pi(X;)}i is a locally finite cover of X, then {X;,Y;, fi} is
finitely semicomponible. The reciprocal is true if {X,¢;} is a fundamental
limit space.

Proof. The first part is trivial, since if the collection {¢;(X;)}; is a locally finite
cover of X, then it is a pointwise finite cover of X.
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Suppose that {X, ¢;} is a fundamental limit space for the finitely semicom-
ponible CIS {X;,Y;, f;}. Let x € X be an arbitrary point. Then, there are
nonnegative integers ng < np such that gb;l({x}) # @ & ng < i <ny. Foreach
ng < i < mny, write a; to be the single point of X; such that z = ¢;(x;). It fol-
lows that x; € Yy, for ng <i <ny—1, but 2, ¢ Yy, and z, & fro—1(Yne—1)-

Since fry—1(Yng—1) is closed in X,,, and zp, & frng—1(Yne—1), we can choose
an open neighborhood V,,, of x,,, in X, such that Vi, N fry—1(Yn,—1) = .

Similarly, since z,, ¢ Y,, and Y, is closed in X,,,, we can choose an open
neighborhood V,,, of z,, in X,,, such that V,,, NY,1; = @.

Define V = (bno (Vno) U (bno-‘rl (Xno-l-l) U---u ¢n1—1(Xn1—1) U (bnl (an)

It is clear that z € V C X and VN ¢;(X;) = @ for all j ¢ {ng,...,n1}.
Moreover, we have
Xno - Vno if Jj=ng
an - Vn1 if Jj=m

%) if ng<j<m
X; otherwise

In all cases, we see that (bj_l(X — V) is closed in X;. Thus, X —V is closed
in X. Therefore, we obtain an open neighborhood V' of x which intersects only
a finite number of ¢;(X;)’s. O

0, (X =V) =

The reciprocal of the previous proposition is not true, in general, when
{X, #;} is not a fundamental limit space. In fact, we have the following example
in which the above reciprocal fails.

Example 11.2. Consider the topological subspaces Xy = [1,2] and X,, =
[H%H, 1], for n > 1, of the real line R, and take Yy = {1} and Y, = {n+_1
for each n > 1. Define f,, : ¥, — X, +1 to be the natural inclusion, for all
n € N. Tt is clear that the CIS {X,,,Y,, f,} is finitely semicomponible, and its
fundamental limit space is, up to homeomorphism, the subspace X = (0, 2] of
the real line, together the collection of natural inclusions ¢, : X,, — X. It is
also obvious that the collection {¢;(X;)}; is a locally finite cover of X. On the

other hand, take
Z = ((0,1] x {0}) U {(1 + cos(mt — 7),sin(nt — 7)) € R? : t € [1,2]}.

Consider Z as a subspace of R?. Then Z is homeomorphic to the sphere S'.
Consider the maps 1o : Xg — Z given by 9o(t) = (14 cos(nt — ), sin(nt — 7)),
and v, : X,, — Z given by ¥,(t) = (¢,0), for each n > 1. It is easy to see
that {Z,,} is a limit space for the CIS {X,,Y,, fn}. Now, note that the
point (0,0) € Z has no open neighborhood intercepting only a finite number
of fn(Xn)'s.

Theorem 11.3. Let {X, ¢;} be a limit space for the CIS {X,,Y;, f;} and sup-
pose that the collection {¢;(X;)}i is a locally finite closed cover of X. Then
{X, i} is a fundamental limit space.

Proof. We need to prove that a subset A of X is closed in X if and only if
¢; 1(A) is closed in X; for every i € N.
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If A C X is closed in X, then it is clear that ¢; *(A) is closed in X; for each
i € N, since each ¢; is a continuous map.

Now, let A be a subset of X such that ¢; '(A) is closed in X; for every i € N.
Then, since each ¢; is a imbedding, it follows that ¢;(¢; ' (A)) = AN ¢;(X;) is
closed in ¢;(X;). But by hypothesis, ¢;(X;) is closed in X. Therefore ANg;(X;)
is closed in X for each ¢ € N.

Let z € X — A be an arbitrary point and choose an open neighborhood V
of z in X such that VN ¢;(X;) # @ < i € A, where A C N is a finite subset of
indices. It follows that

VNA=|JVNnAne(X).
i€EA
Now, since each AN¢;(X;) is closed in X and = ¢ AN¢;(X;), we can choose,
for each i € A, an open neighborhood V; C V of z, such that V;NAN¢;(X;) = 2.
Take V' = [, Vi- Then V' is an open neighborhood of 2 in X and V'NA = @.
Therefore, A is closed in X. O

Corollary 11.4. Let {X, ¢;} be a limit space for the CIS {X;,Y;, fi} in which
each X; is a compact space. If X is Hausdorff and {¢:;(X;)}: is a locally finite
cover of X, then {X, ¢;} is a fundamental limit space.

Proof. Each ¢;(X;) is a compact subset of the Hausdorff space X. Therefore,
each ¢;(X;) is closed in X. The result follows from the previous theorem. [

Corollary 11.5. Let {X,¢;} be a limit space for the finitely semicomponible
CIS {X;,Y:, fi}. Then, {X, ¢;} is a fundamental limit space if and only if the
collection {¢;(X;)}: is a locally finite closed cover of X.

Proof. Proposition and Theorems [Tl and O

Let f: Z — W be a continuous map between topological spaces. We say
that f is a perfect map if it is closed, surjective and, for each w € W, the subset
fY(w) C Z is compact. (See H]).

Let *B be a property of topological spaces. We say that B is a perfect property
if always that B is true for a space Z and there is a perfect map f: Z — W, we
have B true for W. Again, we say that a property B is countable-perfect if
is perfect and always that B is true for a countable collection of spaces {Z,, },,
we have P true for the coproduct [[°~, Z,. We say that P is finite-perfect
if the previous sentence is true for finite collections {Z,};.%, of topological
spaces. Every countable-perfect property is also a finite-perfect property. The
reciprocal is not true. Every perfect property is a topological invariant.

Example 11.6. The follows one are examples of countable-prefect properties:
Hausdorff axiom, regularity, normality, local compactness, second axiom of
countability and Lindelof axiom. The compactness is a finite-perfect property
which is not countable-perfect. (For details see [H]).
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Theorem 11.7. Let {X, ¢;} be a fundamental limit space for the finitely semi-
componible CIS {X;,Y;, fi}, in which each X; has the countable-perfect property
PB. Then X has PB.

Proof. Let {X, ¢;} be a fundamental limit space for {X;,Y;, fi}. By Theorems
B2 and BH there is a unique homeomorphism (3 : X — X such that ¢i = Bop;
for every ¢ € N. Then, simply to prove that X has the property ‘B, where
X = ([[X;)/ ~ is the quotient space constructed in Section B (Remember
Remark B3).

Consider the quotient map p : [[X; — X. It is continuous and surjective.
Moreover, since the CIS {X,,Y;, f;} is finitely semicomponible, it is obvious
that for z € X we have that p~1(x) is a finite subset, and so a compact subset,
of [ ] X;. Therefore, simply to prove that p is a closed map, since this is enough
to conclude that p is a perfect map and, therefore, the truth of the theorem.

Let E C [] X; be an arbitrary closed subset of ][ X;. We need to prove that
p(E) is closed in X, that is, that p~1(p(E)) N X; is closed in X; for each i € N.
But note that

i—1 00
P pE)NX; = ENX) U fria(EnY) Ul £ (EN X)),
=0 iz

where each term of the total union is closed. Now, since the given CIS is
finitely semicomponible, there is on the union U;’;Z fZ_J1 (ENX,41) only a finite
nonempty terms. Thus, p~!(p(E)) N X; can be rewritten as a finite union of
closed subsets. Therefore p~1(p(E)) N X; is closed. O

The quotient map p: [[ X; — X is not closed, in general. To illustrate this
fact, we introduce the following example:

Example 11.8. Consider the inductive CIS {S™, S™, f,} as in Example B3
starting at n = 1. Consider the sequence of real numbers (a,),, where a, =
1/n, n > 1. Let A = {an}n>2 be the set of points of the sequence (an)n
starting at n = 2. Then, the image of A by the map 7 : [0,1] — S! given
by v(t) = (cost,sint) is a sequence (by,)n>2 in S’ such that the point b =
(1,0) € St is not in v(A) and (b,), converge to b. It follows that the subset
B = 7(A) of S! is not closed in S'. Now, for each n > 2, let E™ be the
closed (n — 1)-dimensional half-sphere imbedded as the meridian into S™ going
by point f1,-1(bs). It is easy to see that E™ is closed in S™ for each n > 2.
Let E = | ];7, E™ be the disjoint union of the closed half-spheres E,,. Then,
foreach n > 2, ENS™ = E" and ENS! = @. Thus, E is a closed subset
of coproduct space [~ S™. However, p~*(p(E)) N S* = B is not closed in
S1. Hence p(E) is not closed in the sphere S>°. Therefore, the projection
p:I1S™— ((ITS™)/ ~) =5 is not a closed map.
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Now, we will prove the result of the previous theorem in the case of sta-
tionary CIS’s. In this case the result is stronger and applies to properties
finitely perfect. We started with the following preliminary result, whose proof
is obvious and therefore will be omitted (left to the reader).

Lemma 11.9. Let {X, ¢;} be a fundamental limit space for the stationary CIS
{X:,Y:, fi}. Suppose that this CIS park in the index ng € N. Then ¢; = ¢n,
for every i > ng and X = U°,¢:(X;). Moreover, the composition

e P
Pno T 120 Xi > [[ZoXi —=X

is a continuous surjection, where inc. indicates the natural inclusion.

Theorem 11.10. Let {X, ¢;} be a fundamental limit space for the stationary
CIS {X;,Y;, fi} in which each X; has the finite-perfect property PB. Then X
has .

Proof. As in Theorem [[IZ7, simply to prove that X = (1T X:)/ ~ has B.
Suppose that the CIS {X;,Y;, f;} parks in the index ng € N. By the previous
lemma, the map py, : [[0q X; — X is continuous and surjective. Thus, simply
to prove that py, is a perfect map. In order to prove this, it rests only to prove
that py, is a closed map and p,!(x) is a compact subset of [[}"°, X;, for each

x € X. This latter fact is trivial, since each subset p,, ! () is finite.

In order to prove that p,, is a closed map, let E be an arbitrary closed
subset of [}, X;. We need to prove that p~*(py, (E)) N X; is closed in X; for
each i € N. But note that, as before, we have

1—1 e’}
P~ pno (B)) N Xi = (EnX)) U i (EnYi) Ul £ (BN X;4),
=0 j=i

where each term of this union is closed. Now, since E C ]_[?:00 X;, we have
ENX;i1 =@ for all j > ng. Thus, the subsets fZ_J1 (E N X;41) which are in
the last part of the union are empty for all j > ng. Hence, p~!(pn, (E)) N X; is
a finite union of closed subsets. Therefore, p~!(p,, (E)) N X; is closed. O
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