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Abstract

The directional k-step Newton methods (k a positive integer) is developed for solving a single non-
linear equation in n variables. Its semilocal convergence analysis is established by using two different
approaches (recurrent relations and recurrent functions) under the assumption that the first derivative
satisfies a combination of the Lipschitz and the center-Lipschitz continuity conditions instead of only
Lipschitz condition. The convergence theorems for the existence and uniqueness of the solution for
each of them are established. Numerical examples including nonlinear Hammerstein type integral
equations are worked out and significantly improved results are obtained. It is shown that the second
approach based on recurrent functions solves problems failed to be solved by first one using recurrent
relations. This demonstrates the efficacy and applicability of these approaches. This work extends the
directional one and two-step Newton methods for solving a single nonlinear equation in n variables.
Their semilocal convergence analysis using majorizing sequences are studied in [1] and [5] under the
assumption that the first derivative satisfies the Lipschitz and the combination of the Lipschitz and the
center-Lipschitz continuity conditions, respectively. Finally, the computational order of convergence
and the computational efficiency of developed method are studied.

Keywords: Directional Newton methods, Nonlinear equations, Recurrent relations, Recurrent
functions, Majorizing sequences, Semilocal convergence analysis.
2010 Mathematics Subject Classification: Primary 65H05, 65H10, 49M15.



1 Introduction
This paper deals with the problem of approximating a solution x* of nonlinear equation in n variables
ZF(x)=0 (1)

where, # : 9 C %" — X is a Fréchet-differentiable mapping defined in an open convex nonempty
subset 2 of #Z" (n a natural number) with values in %. These problems are solved by mathematical
tools involving integral equations, boundary value problems, differential equations whose solutions re-
quire solving either scalar equations or system of equations. Many researchers [1, 2, 3, 4, 5, 19] have
studied these problems and a large number of diverse numerical methods are proposed for their solu-
tions. The existence of high speed computing devices helps in solving them faster with more accu-
racy. This and many other related problems appear in several applications of computational and en-
gineering sciences such as economic equilibrium theory, optimization, elasticity and dynamical sys-
tems. For example, finding a local minimum of function is connected to solving a set of nonlinear
equations. Computer graphics applications involve intersection of two surfaces which become com-
plicated because of some closed loops and singularities [1, 2]. They require finding efficient algorithms
for computing and displaying this intersection. If .#] and .#> are two surfaces in %° then the solu-
tion of their intersection . = .7 ().%2 must satisfy the nonlinear equation which is a special case of
(1). More precisely, if these surfaces are represented explicitly as .} := {(a,b,c)T tc=g (a,b)} and
S = {(a,b,c)" : c=gz(a,b)} then the solution x* = (a*,b*,c*)" € . satisfies the nonlinear equa-
tions given by g; (a*,b*) = g»(a*,b*) and ¢* = gy (a*,b*). This is obtained by solving a nonlinear equa-
tion of the form g(x) = g (x) — g2(x) = 0, where x = (a,b). The marching method can also be used
to compute the intersection . = .%; (.. Here, starting with suitable x* = (a°,5°,c%)T € . succeed-
ing intersection points are computed using successive updating. This means that after getting a point
Xk = (ak ,bF )T € .7 at the k-th step, we need to search the updated point at (k+1)-th step. This can be
taken as the most suitable point to x* among three points obtained by solving the nonlinear equation (1),
with x; = x’]‘- +A’J‘-, A’; is sufficiently small, j =1,2,3. For x'j‘- S {ak,bk,ck 1 A’]‘- gives a movement in the
xj-direction. In mathematical programming, the convex composite optimization problem [3] given by

min f(x) := h(G(x))

XER"

where, h: %" — % and G : #' — %" is convex and Fréchet differentiable operator, respectively is related
to finding the solution of f(x) =

The directional Newton methods [1, 4] are also used to solve (1). Here, .% is restricted to the line
L :={x"+vdy: y € #}, where it becomes a function of one variable f(y) = .% (xo+ ydy). Starting with
a suitably chosen starting point xp € Z and a direction vector dy, the next point of Newton iteration for f

at 1 = 0 is obtained by y; := - (( )> The corresponding iteration for .7 is
7 (x0)
X1 =Xx0— 7d
V.7 (x0) - d
It is also to be noted that f'(0) = F#'(xo,do) = V.F (x9) - dp € %. The DNM is given for n > 0, by
F (x,,)
=Xp— oAy, 2
Xn+1 = Xn Vﬁ’(xn)dn n 2
where, V.7 (x,) = (a’?ﬁ"‘) ey %}g”)) is the gradient of .% and d,, is the directional vector at x,,. The

convergence of (2) was established for directions d,, sufficiently close to the gradients V.% (x,), and under



standard Newton-Kantorovich-type sufficient conditions [18]. Two well-known approaches for the con-
vergence analysis of iterative methods are local [8, 10, 13], and semilocal convergence [12, 14] analysis.
The local and semilocal convergence analysis use information on the solution and on the initial starting
approximation to the solution, respectively. Theorems are established to give sufficient conditions for the
existence and uniqueness and the radii of convergence balls of the solutions. In [1], the semilocal con-
vergence analysis of (2) is established under the assumption that the first derivative satisfies the stronger
Lipschitz continuity condition. Argyros [4] established the semilocal convergence analysis of (2) using a
combination of Lipschitz and center-Lipschitz continuity condition on the derivative. This gave weaker
convergence conditions, larger convergence domain, finer error estimates on the distances involved and at
least a precise information on the location of the solution of the function. In [5], the directional two-step
Newton methods and its semilocal convergence analysis for (1) was presented using a combination of
Lipschitz and center-Lipschitz continuity condition on the first Fréchet derivative in Hilbert space setting
by using recurrent functions and recurrent sequences. It is given for n > 0, by

o Tw)
In "TNF () -dp "
F (yn)
n = nfida 3
Xn+1 Yy Vy(x,l).dn n 3)

where, xo € & and d) are suitably chosen starting point and direction vector, respectively.
Motivated from the work in [5], a directional k-step Newton methods which generalizes (2) and (3)for
solving (1) is developed. It is given for n > 0, by

1 0 ﬁ(xg)
Xp = Xy Z (10 n
VZ(x0)-d,
2= ol Z (xy)
" " VFX0)-d, "
N Z (") d @
" VI -d, "

where x8 is a starting point, xg = XX, V.Z(X9)-d, € # is defined above and k is a finite positive
integer. Further, its semilocal convergence analysis is established by using two different approaches
namely recurrent relations and recurrent functions under the assumption that the first derivative satisfies
a combination of the Lipschitz and the center-Lipschitz continuity conditions.

The aim of this paper is to develop the directional k-step Newton methods (k a positive integer) is
developed for solving a single nonlinear equation in n variables. Its semilocal convergence analysis is
established by using two different approaches (recurrent relations [7] and recurrent functions [9]) under
the assumption that the first derivative satisfies a combination of the Lipschitz and the center-Lipschitz
continuity conditions instead of only Lipschitz condition. The convergence theorems for the existence
and uniqueness of the solution for each of them are established. Numerical examples including nonlinear
Hammerstein type integral equations are worked out and significantly improved results are obtained. It
is shown that the second approach based on recurrent functions solves problems failed to be solved by
first one using recurrent relations. This demonstrates the efficacy and applicability of these approaches.
This work extends the directional one and two-step Newton methods for solving a single nonlinear equa-
tion in n variables. Their semilocal convergence analysis using majorizing sequences are studied in [1]
and [5] under the assumption that the first derivative satisfies the Lipschitz and the combination of the
Lipschitz and the center-Lipschitz continuity conditions, respectively. Finally, the computational order of
convergence and the computational efficiency of developed method are studied.



The paper is arranged as follows. Introduction is given in Section 1. The semilocal convergence anal-
ysis of (4) using recurrent relations is established in Section 2. In Section 3, the semilocal convergence
analysis of (4) is established using recurrent functions. Some special cases and applications of (4) are
also presented. In Section 4, numerical examples including nonlinear Hammerstein type integral equa-
tions are solved to demonstrate the applicability of our approaches. In Section 5, computational order of

convergence and computational efficiency for (4) are described. Finally conclusions are given in Section
6.

2 Recurrent relations for semilocal convergence analysis

In this section, we shall use recurrent relations for establishing the semilocal convergence of (4) under
the assumption that the first derivative satisfies a combination of the Lipschitz and the center-Lipschitz

continuity conditions. Let 3, 11, My and M are positive constants. Assume that the following conditions
hold.

% |7 (x0)| < [VF (x() - doln
) IVF(x) =VF W < Mllx =yl
) IV.7 (x) = VF (x0) || < Mo|x g

—

% V7 (o) =

B
PBs A(dn,Vﬁ X )SZ(d(),VJ xo )
B L=M|V.Z(xJ) -do| 'and Ly = My ||V.Z (xJ) || !

Here, Z denotes the angle between two vectors p and g, given by Z(p,q) = arccosHp’l’lﬁ, p#0,q#0.
Ps is equivalent to the condition

VG o] [VF () o

. 5
VZQ © [VZWD)] ©)

We shall call conditions (% — %) as %-condition throughout this study. Denote %(x*,R) and % (x*,R)
as open and closed balls with center at x* and radius R, respectively.

Lemma 1. Define ER = %, ag= LERn, so = aoR, where R > 1 be a smallest positive real number

-1
satisfying R(1 — % ao) =142 - SO , where k be a finite positive integer. If MoBRN < 1 and - 0 o <1,
then starting with

10,0 = 0
oo = M

Lbg
fo2 = o1t —- (to.1 —100)°

Lbg
o3 = oo+ > ((to2 —10.0) + (fo,1 —10,0)) (fo2 —10,1)

LINJR

fok = lfok—1t - ((tfox—1 —10,0) + (tox—2 —10,0)) (fo -1 — fo—2)



the sequence {t,;}, forn > 1 andi=1,2,....k given by

Lb .

i = tniet+ 5 (et = 100) + (tni-2 = 100)) (tnic1 —tn-2) for i # 2 and
Lb ,

tni = thi-1+ TR (tni-1 _tn,i72)2 fori=2

With ty110 =ty is well defined, increasing, belongs to (0,Rn) and converges to its least upper bound

t* € (0,Rn).

Proof. We shall use the mathematical induction to prove this lemma. From the assumptions of the lemma,

we get R >l and #g1 — oo = N < R1. Now,

LER
fop—to1 = T(lo,l—lo,o)2
LE ao
= TRn(lo,l—to,o) = ?(lo,l—lo,o)

This gives
a
foo—to0 = to2—to1+1to1 —too = (1 + 50) n <Rn
Now, from (6), (7), we get
Lbg

fo3—fop = —= ((to2 —10,0) + (fo,1 —t0,0)) (fo2 —10,1)

Lb
= 5 (Rn+Rn) (102 —101)

= aoR(to2—10,1) =50 (fo2 —t0,1)

and
fo3—t0 = Tfo3—1lto2+102—10,1+%,1—10,0
= so(top—10,1)+ % (to,1 —10,0) + (t0,1 —t0,0)
= So%o(to,l —100) + %(to,l —10,0) + (to,1 —0,0)

= ((1 +50) % + 1) (toq1 —t00) <RM

Now, for 3 <i<k—2, we get

Lb R

i1 —loi = —- ((to,i —t0,0) + (to,i—1 —t0,0)) (f0,i —10,i~1)
Lb
< 5 (R +Rn) (10— t0;-1)

= aoR(to,; —to,i—1) = so(to,i —10,i—1)
This gives

i— aop
to,i+1— 1o, < so(to; —toi—1) < sh ' (to2 —101) = ?Sb Y01 —100)

Using (8), (9) and (10), for i =k — 1, we get fox —tox—1 < Lsg 2(to1 —10,)- Thus,

ao _
fox —t0,0 =tox —tok—1+Hok—1—lok—2+...+Flo1 —1o < (1 +3 <1+...+S(]§ 2)) n <Rn

(6)

)

®)

©)

(10)

Y



This shows that #o; € (0,Rn) for all k and thus lemma holds true for n = 0. In order to show that
lemma holds for n > 1, we take 119 = 1 and construct some scalar sequences defined for n > 1 by

J—1 »
Ny = W, a, = Lbgn, and s, = a,R. For n = 1, using (10), (11), we get
LER
hai—hp = > ((lo,k —lo,o) + (lo,kq —to.o)) (lo,k _tO,kfl)
Lbg
s 5 (RN +Rn) (tox —tox—1)
k—1
_ So aoMo
< aoRSIS 2toa —1t01) = O# =m <Rmn
and
ti—too = (t1,1—t0)+(tro—10,0)
a a
< s T+ (1+ 5 (14 +567) )
aor:k
= 1+52sgf1 n <Rn (12)
r=1
This gives
Lb
ho—ty = TR(lu*ll,o)z
LER ay
= —Mmt—tho)=—- (1,11 13
5 Mt —to) == (n1—ho) (13)
Thus, from (12) and (13), we get
ap a
tip—to = t1.2*t171+11,1*t1,0§(1+?)(t1,1*t1,0):(1+31)111
and
hp—to = hp—to+ho—rloo
a a r=k—1
< (1+D)m+ (142 Y s
2 2 r=1
This gives
Lb
tiz—tpy = TR((II,Z*II,O)+(H,I*tl,O))(tl,Z*tl,l)

< LbgRNi(tip—tin)=aiR(tip—ti1)=s1(tip—t1)
Now, proceeding in a similar manner, we get
friv1—h,; < Slrl(hyz —t11), for 3<i<k—1.

This gives
a
i —t1o < (1+31(1+...+s’;—2))m. (14)



Using the assumptions of the lemma, it is easy to see that )y < 1, a; < ap and s; < so. Now, using (11)
and (14), we get

hik—to = Hhxir—thot+rfo—rlo0
a0 k—2
< (1+2(1+ sk ))n1+(1+7(1+...+s0 ))n
< (m+n)(1+3°(1+...+s’5*2))

— (SI{’ 21a0+1> ( +a—20(1—|-...+s’5*2>)n<Rn

Thus, #; 4 € (0,Rn) and hence lemma holds for n = 1. Now, proceeding in a similar manner, it can be
easily established that

ik —100 < (1 + a—z" (1 +sn+...+sﬁ*2)) N+ (

a
N (1+7° <1+so+...+s’5‘2)) n

i 1+% kfs“ n (15)
Jj=0 2 r=1 ! g

Now, in order to show #,; € (0,Rn), we have to show that the sequences defined by a;, s; and 1; for

k—1
S oaim
2

<1+sn 1+ sk ))nnl

Jj > 1 are decreasing. From the assumption of the lemma, we have 1, = <My, ap = Lbgmy <
LBRm =a; and s = aaR < a|R = s;. Proceeding in a similar way and using mathematical induction on
J» it can be easily proved that a;, s; and 1; are decreasing for any j. Now, using (15) and properties of
sequences a;, s; and 17; , we get

n a; k—1
thk—lfoo < ), H_E/ Zsfl n;
j=0 r=1

70<1+s0+ sk )}i( 1“0) (16)

(a()

Ing — 0,0 — = N=RnN as n—o
1_% %
2

IN

A
N\o
-~

+

55
Jr

+

:4
i

™
=

Using (16), we get

This shows that 1, , € (0,Rn) for all n and k. It remains to show that {#, s} is a convergent sequence. For



this, it is sufficient to show that {#, } is a Cauchy sequence. For this, using previous results, we get

ik — ik = btk —Iapth—1+.o Flar11 —Iat10 (Since tnt1,0 = tnk Vn > 0)

IN

k—2 k-3
Spt1 (thr12 —tas1,1) Rt (12 = tag1) + oo+ (tp12 — g 1,1) Ftagk 1,1 —tag1,0

k-2
(1 +Snt1F . +5n+1) (tar12 —tar1,1) Flnr11 —tar10

_2\ 4y
((1 +Spr1t... +Sﬁ+%) 12+1 + 1) (thr],] 7ln+17())
1— skt aop
< O 41 .
= ( 1—S() 2 + Nn+1

Thus, for a fixed m > 1,

IN

i=n

bitmk —Imk = (thri.k - thrifl.,k)
1

IN
/ ~ —
=
(>
U |©
S
NI
+ +
— —
~—
I
=
3
T

This shows that {#, s} is increasing, bounded and converges to some t* € (0,R1). O

Theorem 1. Let F : 9 C %" — % be a Fréchet-differentiable mapping satisfying %-condition. Assume
that the conditions of Lemma 1 hold with ||d, || = 1. Starting with x{) € 2, the sequence {xi,},n >0, i =
1,...,k generated by (4) is well defined, belongs to %(xJ, Rn) and converges to x* € Z(x),Rn).

Proof. For any x € 9 C %(x),Rn), we have
V.FZ(x3) = V.Z (x)) — V.Z (x) + V.7 (x)
Taking norm on both sides, we get

IVZ (0 < IV-F (x0) = VF ()|l + [V.F ()|

This gives
IVZ@) > IVZ00) - IVF () = V.F ()|
> [VF ()| (1= Mo||[V.Z (x0) |~ [lx — x01)
> [|VZ(x0)l| (1—MoBRn)
Thus, we have ot
_ VF (xo)ll~ i
VI 1<H70: V.Z (D) bg. 17
IVF@I < S =197 )b (a7
From (5) and (17), we get
Ve e )
[VFZ(x)-d| = [VFZ @)V (x5) - dol —  [VF(x) - do



Also, from (4) fori=1,...,kand n > 0, we get

e - F ()
x=x" 4 pil where bt = _Wé)'dndn (19)

Using Lemma 1, %-condition, (4) and (19), we get ||x(1) —x8|| <N =tyg1—too <RM. Also,

F) = Fx)—F ) +F(xp)

I AW+ “<§> do-V.F ()

V.Z(x3)-d
F (xp) — F (xg) — hOV«?( 0)
)—

= [ (VP08 00— ) - V) a0t ) 20)
On taking norm on both sides, we get
| F (xp)] < %le(ﬁ—xg\lz @1)
Using %, (18), (19), (20) and (21), we get
2 7 ()]
Io—xoll = liholl = W
< %HX(I) —x0l* < %bR (fo.1 —t00)> =to2 — 101 (22)

and
16 = X911 < [l — o[l + [l — %0l < fo.2 —t0,1 +10,1 —t0,0 = 0.2
Using Lemma 1, we get x3 € Z(x),R1)). Now, using (4) and (22), we get

F(5)  =FE)+VEE) (F—xb)+ fo (VF (b + 003 —x) —VF(x})) (F —xb)de
= (VZ ()~ VZ(G) (B —xd) + fo (VF (xh+ 03 —x0)) — VF (%)) (63 —x)dO (23)

Taking norm on both sides, we get
(2 1 0.2 .1 M > 02
|7 (x5)| < Mollxo—xollIx5 —xoll JFEHXO*XOH . (24)

Using (4), (18), (23) and (24), we get

2
-l = I <
< M];/é)'d() ((to,l —100)(to2 —1t0,1) + %(fog —to,1)2>
= L[Z(tm*too)+(t02*to1)](t027t01)
AVF () dg) 0 T 00T o2 o) o2 o,
Lbg
< - [(fo,1 —10,0) + (f0.2 —10,0)] (fo2 —t0.1) =103 — 102 (25)



Combining (21) to (25), this gives,

30 32 2 0
[l —xoll 16 — 255 | + 116 —2xg | + [1x6 — 0

IN A

fo3 — 102 +102 —1t0,1 +7%,1 —,0 =1%,3 — 0,0
and proceeding in a similar way for 3 <i < k, we get
||x6 —)CE;I I < to; —1to,i—1 and ||x6 —x8H <ty —1o0-
Asxl) =,
F@) =F )+ VI ) +/ (VIO 00 —ab1) — V(b)) af o —xf )
=(VFEE) -V ( / (VZ G + 00—~ VF(E) ) do e — 567

Taking norm on both sides, this gives

M
0 k-1 0 - k=12
[ Z()] < Mollxg = xglllx6 — x6 1||+5||X]6—xo ll
M
. k
< (M 0+ B =0 ) s
1
< M ((IOAk—l —10,0) + E(to,k —lo,k—1)> (tox —tox—1)- (26)

Using %, (4), (18) and (26), we get

M 1
- = ||h°||<((ro,k_l—ro,o>+(ro,k—rok_l)) (104~ t41)
b W= IVF () - dol T2 '
Lb
= TR (2(t0.4—1 —10,0) + (0 — f0,4-1)) (o — fo4—1) = 11,1 —Tok = 11,1 —10.

Thus, ||x} —xJ|| < 1,1 —to0. So, from Lemma 1, x] € 2(x3,Rn) and repeating the same procedure as in
(20), we get

|7 (x1)] < —llxl -2 27)
Now, using (4), #-condition, (17) and (27), we get

MbR —1
= lxi = 21| V.F (x5) - do|

IN

et =i

LB
TR (1 —t10)> =tia—111

IN

Proceeding in the similar way, we get

_ _ M _
IZ D < M= —x g —xﬁ—i||+3||)d§71 -1l
and from (4), % and (19), we get
0 0 |,9’(x2)\
X —X = h < —
[y —xoll ([l < V.7 (0)-dy|
~ _ 1
< Mbg|V.Z(x0)-do| ™ ((lnl,kl —tn—1,0)(lnl,k—lnl,kl)-i-z(tn1.,k—ln1,k1)2>
Lb
= 2R (tn1 -1 = tn—1,0) + =1k — ta=1,0)) (=1 k — a—14—1) = tn,1 —In0-

10



In the similar manner, we can get

Lbg Lbg
7”%11 —XSHZ < 7(%1 —fn.,o)2 =ty —tyl-

Now, using mathematical induction on n, we can easily get

by =26l <

_ Lb
[y — x5!l < TR [(tng—2 = 10,0) + (k-1 — 10,0) ]| (a1 —nk—2) =t — k-1

and

M
< —
-2
Thus, using Lemma 1 and convergence of the sequence {f,,;}, n >0, i = 1,...,k, it follows that {x, ;}

is a Cauchy sequence and hence it converges to some x* € @(xg,Rn). Since .7 is continuous it follows
that .% (x*) = 0. Thus, x* is a solution of (1). O

H?(xﬁ)” [(tn.k —tn0) + (tnf—1 — tn,O)] (tak —tag—1) = 0asn — oo,

3 Recurrent functions for semilocal convergence analysis

In this section, the semilocal convergence of (4) is established by recurrent functions under the assump-
tion that the first derivative satisfies a combination of the Lipschitz and the center-Lipschitz continuity
conditions. It is assumed here that the Z-condition as described in Section 2 holds.

Lemma 2. Let Ly, L and 71 are given positive constants. Taking lpo = 0 and o1 = 7, define a scalar
sequence {l,;}, forn>0and i=1,...,k given by

L (ln,l - ln,O)z

lLin = 1 —————— fori=2,
2 n,1+2 I —ZLolno ori
L [(ln.i—l - ln.()) + (ln -2 ln O)] .
i = by S . : Inji—1—Ini— fi 2;
n, i1+ [~ Tobo (i1 —lyi—2) fori#
byx = lpr10- (28)
Let o be the smallest positive root of the function H(¢) defined on (0,1) by
- 1—/! 1—*
Hi(t) =L(t*—1 205 Ly (—— ). 2
lr) = L )<1—t+ l—t>+t "\ 1-1 29)
such that
L(], lo—
o< touthun) 5 o0 _pm (30)

- 1 _LOZO,k

for 6 = 2a. The scalar sequence defined by (28) is increasing, bounded above by [** = % and converges
to the least upper bound [* € (0,1**). Also, foralln > 0andi=1,2,...,k, we have

. 15}
ln,i—l < ln,ia L()l <land 0 < (ln,i - lil,i—l) < E (ln,i—l - ln7i—2)- (31)

and

i
- (3)
0< ln,i - ln,O < 1( (ln,l - ln,O) (32)

|| NI



Proof. Hy(t) is continuous on (0,1) and from (29), we get Hy(0) < 0 and Hi(1) > 0. By intermediate
value theorem, there exists at least one root of Hi(¢) on (0,1). Let the smallest root be denoted by c.
Now, we shall prove (31) by using mathematical induction on n. Using (28), for n = 0 and i = 2,we get

L
lop =lo,1+ > (los —loo)?

This shows that lp» > I 1. Suppose it is true for all i < k— 1, thatis, lp; > lp;—1 and

L
lojiv1—loi= > ((o,i—1o.0) + (lo.i=1 — o)) (lo.; —lo,i—1)-

This shows that [y ;11 > [y ; and

L ((lox—1o0)+ (log—1—1loo
((lo.; —lo.0) + (lo.i—1 —lo0)) (lo; — lo,—1) < L ((k, )+ o1~ loo)) (loi —loi-1) (33)
2 1 —Lolo x

Sl

Using (30) and (33), we get (lp,i+1 —lo;) < g(l(),[ —lpj—1) Yi=1,....k. Thus,(31) holds true for n = 0.
Also, (31) and (32) are true forn =r > 1, if

0 < (lr72 _lr,l) < %(lnl _lr,O)
0 S (lr,3 - lr,Z) S j(lr,Z - lr,l)
......... (34)
0 < (b —Lpg—1) < St — Lig—2)
0 < (lr+1,1 _lr,k) < g(lr,k _lr,kfl)'
(34) is true, if
6 k
(110 = lr10) = (Lry1g —Lix) < (2) (Ir1 —1rp0)- (35)
If (34) and (35) hold, then
S k
lr+1,1 < lr,k+ <2) (lr,l_lr,())
S\ ! S\ K
S lr,kfl + | = (lr,l _lr,O) + | = (lr,l er)
2 2
5§ [(68\° s\*
< — — — . v
< L+ 2+<2> + +<2> ](171 170)
k
) ) k+1
(- (8)) - (9
= lr,] + s (lr,l - lr,O) = lr,O + 75(1}’,1 - lr,O) (36)
=9

12



Now, if (35) and (36) hold then using some algebraic manipulation on r, we get

A
+

L1 < 1_<8>(lr,1 — 1)
2

2( ), (-,

) (lr—11—1—10) + l—(g
k

IN
L
_|_

[S][<%)
N
—_
|
/N
8]}
~—r N\Oo

< lo,1+76(10,1*lo,o)+~--+7(S 11— l10) + 5 (L1 —1r0)
1-(3) 1-(3) 1-(3)
k
)
< g1+ 5 (log —loo) +
- 7)

? (1 -(3) ) Z (5)“ (37)

and /,; is given for any 3 <i <k, by

1)
i1+ = (lim1 — Li—2)

lr,i < , )
o o
< o+ 5 (Ii2 = 1ri3) + 5 (lri1 —1ri—2)
5 8\*
S rz 2+ = rl 2= rz 3) <2> (lr,ifZ_lr,ifS)
<

i

2
()
2

r1+7 5 r,l_lr,O)

2

é

2

5 (lrl _lr0>+lr0 (38)

2

1—

13



This gives (32). Taking i = k in (38), we get

k
1 - (g) 6 k 6 rk
Liy=1 = _— 1 — lp1—1
k=1lt10 -3 +<2> + +<2> ](0,1 0,0)
r 5 (r+1)k
- 7)
R T (39)
-3
To show (34), it is sufficient to show that
L (]r, 7lr, ) )
0< 370, <3
L (In 7lr, )‘Hln 7lr, ) S
0< 33— <3
...... (40)
L (]n, —! 7ln, )Jf(lr. — 711: ) )
Ogj k21()7L01KOk3 ng
L (lr, — 71K0>+(lr, — 7[r,0) )
0< L k—1 l—Lol,;ok 2 < S

Since [, is an increasing sequence, we can write

L (L1 —1p) < L(lLp—10)+ (1 — 1) - < L (Lij—1—1:0) + (Lnk—2 — 1r0) < L (lnk —1r0) + (Lnj—1 — o)

2 1—Loly 2 1—Lolyo ) 1—Lolyo 2 1—Lolri10
Now, to show (40), it is sufficient to show that

L ( Ik —1r0) + (Lk—1 — Ir0) 0
= . 3 : ’ = 41
2 ( 1—Lobi10 <32 @D
(41) can be replaced by using (35), (36), (37), (38) and (39), by
k k—1 (r+1)k
) ) )
OSSO PRS0
L 5T 3 5| n+6Lo —— -8 <0. 42)
-5 1-5 2 1-5

Replacing g by u in (42), we introduce a recurrent function f,; on (0, 1), defined by

k k—1 1 _u(r+l)k
+ )u””n +2LOT]17—2 (43)
—u

1—u 1—u

1—u 1—u

Jrie(u) =L (

To establish the relationship between two consecutive functions fy.x, we replace r by r+1 in (43). This
gives

1—uf 1—yk! 1 — y(r+2)k
Jreru(u) =L +—— Ju I 2L ———— -2
1—u 1—u 1—u
1— I/lk 1— ukfl 1— u(r+2)k 1— u(r+1)k
— L (r+1)k—1 __  rk—1 2L _
Jriu) + (1—u+ 1—u >(u Wtm+2kon 1—u 1—u
1— k 1— k—1 1— k
*frk(u)‘i’”rk_ln( k 1)( u 4 u >+2uL0nu(r+l)k u
’ 1—u l—u 1—u

1—uk 1—ut!

1—uk
2k+1L7
1—u+ I—u >+ ! T

= fri(u) —|—Hk(u)u’k7] i (44)

14



where Hy (u) is defined in (29). Now, (42) is true, if
Srx <0 foreach r=1,2,... 45)

Define fo on [0,1) by foo () = lim,_se frx(u). This gives foo (1) = ZIL%L’ —2 < 0. By definition of o
and using (44), we get fo k() = frr1x(a) = fri(a) foreach r. Now, (45) is satisfied if fox () < 0.
This holds true by (30). This implies that (34) is satisfied. Thus, {l,4} is increasing, bounded above by
[** and from (39), it converges to the least upper bound /*. O

Theorem 2. Let % : 9 C %" — % be a differentiable function such that the %-condition and Lemma 2
hold true. Further assume that

1. There exists a point x) € 2, such that .7 (xJ) # 0, V.7 (x3) # 0.
2. dy € Z" such that ||do|| = 1 and set

40 Z (xp) o = Z (%) d
0 VJ( Oedy 0 VF(x)-do
xf) = xo —|—h0 , i1>1

3. B(S, 1) ={xe B : ||x—x3|| <I*} C 2, where I* = limy,_eo [,; and {1,;} is given by (28).

4. {xi},(n>0,i=1,...,k) is generated by x/, = xi~! + hi~! where hi, ! = Vi((T))

satisfies Z(dy, V.Z (x9)) < Z(do, V.F (xY)), n > 0 for each d,, € %" such that ||d,|| = 1.

0
dyand Xk =x9 |

Then, starting with xo, the sequence {x,} belongs to %(xo, *) for all n > 0,i = 1,...,k and converges
to a zero x* € Z(x5,1*) of (1). Moreover, V.7 (x*) # 0 unless ||x* —x)|| = [* and V.Z (x) # 0 for all
x€ %(xo, *). Furthermore, the following estimates hold for all n > O and i = 1,..., k.

9

i1 =Xl < layri—lni and (46)
< =y (47)

=]

Proof. Using mathematical induction on i and n, we first show that ||xi —x/~!|| < ,; —1,,;1. Under the
assumptions of the Theorem 2 and %-condition, it holds forn =0and i =1 as

g —xoll = 1G]l <1 =lo.1 —log

Now, for n =0 and i = 2 and from Theorem 1, we get

7))
-l = bl =
o N 2R
M 1 0112

L
< 5(10,1 - 10,0)2 =lop— 1o,

and hence, we can get the inequality for .% (x!,). Now, to get a consistent approximation for || V.7 (x0)|| 7!,
we have

IVFZER) = IVF ()~ VT () +VF ()
IV-Z Dl + V.7 () = V.F (xp) |

IN

15



This gives,

IVZIl > IVZR) = IVF () = VF ()|
> VF )N = IVF x|~ Mol —x1))
= [IVF @)1 - Lollx, —xo)
2 ||Vy(x8)||(1_l‘oln,0)~
This gives
V.7 (x))|I !
W)t < W™ s g 48)
1 —Lolno
Now, using (5) and (48), we get
! VEGI IV GE)-dol! )
IVF (D) -du| = [IVFDIVF (x0) -do| = 1= Lolno

Using (49) and derivation of .% (x) as is done in Theorem 1, we can show (46) for i = 1, by

i+l i i \f/’(xZ)I
— = K| = L/t
I =l = W= 5
MIVF) o™t e
- 2 1—L01n70 " "
L(lyi—1ni1)?
Llimhic)” _y oy, (50)

<
= 2 1-=Lolyp
and for i > 2, by

|7 ()|
[V.Z (x0) - du|
M |V.Z (xg) - do| !

L .
b —xll =l =

(e =6l =+l =6l G —267)

- 2 1 —Lolmo
L (i —1n0)+ (Ini—1 —In,
< 3 (s H’T)_ LE)Z:O 1~ lno) (lni = lni—1) = bniv1 — - (51)

Combining (50) and (51), we get (46). Moreover, for each y € @(xffl A5 =1y i41), we get

ly—xill < ly=xET 4 T = | < T =l + bt = lng =1 — i

This gives (47) for all n > 0. Lemma 2 guarantees that {/,;} is a Cauchy sequence. It follows from (46)
and (47) that {x,} is a Cauchy sequence and it converge to some x* € Z(xo,/*). Now, we have to show
that x* is a solution of (1). Using Theorem 1, we get for i # 1

M

|.Z (x)] < > [(Tni = 1n0) + (tim1 — 100)] (lni — lni—1) — 0 as n — oo, (52)

and fori=1,

|7 (x,)] <

SIS

(Lni —In0)* — 0 as n — oo, (53)
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From (52), (53) and cogtinuity of .%, we conclude that x* is a solution of (1). Now, we shall show that
VZ(x) # 0 for all x € A(xp,l*). Using the definition of Ly and Lemma 2, we have

IV.Z (x) = VZ (x0) || < Mollx —xo]| < Mol™ < |[VF (x0)|
If [[x —x] || < 1%, we get
IV.Z(x) =VF ()l < Mol* < ||[VF (x0) |
or
IVZ ()| > IV (x) = VF (x0) |
This shows that V.% (x) # 0. Thus, the proof of Theorem 2 is completed. O

Remarks 1. The limits points I* in Theorem 2 can be replaced by I**.

Corollary 1. Let F, xy, My, M, M, Ly, L are same as in Theorems 1 and 2. Define direction d, and
step hgfor alln>0andi=1,2,...k by
V.Z(x9)

n

V@I

. F i
and A, = 7()(”) V.F (xg)

d - _
! IVZ (a)lI?

Then starting with x8 and for xg = xﬁ, the gradient method given by

ﬂ(xo)

1 0 n 0

g T RER T )
Z (x|

xﬁ = X (1) V,J@’(xg)

k k—1 F ()

— 7??()60)
T IVFEOD)1?

n

satisfies the Conclusions of Theorems 1 and 2. This implies that the gradient method [1, 4, 9] comes out
as a special case of our work.

Corollary 2. If we choose the direction d,, as the unit vector along the maximal modulus "M where
m(n) is the index of the component of V.7 (x,) of maximal modulus given by

VFEm(w)]| = max [VF

Then for this choice of d,,, (4) becomes

1 _ 0 ﬁ(xg) m(n)
T T VE W) mn)]
)C2 1 y(x’ll) m(n)
" " VI () m(n)]
G (k—1
x]:l — xk*l J ()Cﬁ ) em(n) (54)

" VI m(n)

Theorems 1 and 2 can be applied if |V.F (x) - d,| is replaced by |V.F (x9)||« in each occurrence using
co-norm instead of Euclidean norm. An analog of Theorem 2 is given by
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Theorem 3. Let 7 : 9 C %" — X be a differentiable function. If X € 9 is such that F (x3) # 0 and
V.Z(x3) # 0. Assume

[ Z(x0)l < [VF(xg)lm(n)]In
[VFx)=VFG)o < Mlx—yllo
IVF(x) =VF (x0)lle < Mollx—xo]l

L = M[VF(x)mm)]|™,
Ly = Mo|VF (xg)[m(m)|™!

and % (xy,1*) C 9. Then the sequence defined by (54) is well defined, belongs to B(x0,1*) and converges
to a solution x* € H(xo,l*). Moreover, V.7 (x*) # 0 unless ||x* — x|l = I* and V.7 (x) # 0 for all
x € B(xo,l"). Furthermore, the following estimates hold for alln >0 and i = 1,...,k.

¥ =Xl < lut1i—ly; and
< l*—l,,yi

i *
[Eb i
Theorem 3 can be proved in a similar way as Theorem 2 is proved. Thus it is also a special case of
our work.

Corollary 3. This work can be extended in Hilbert space setting. Here, F is a differential oper-
ator defined on a convex subset 9 of a Hilbert space H with values in %. Only, some properties
of inner product and conditions on angle are changed. We take ||x|| = v/<x-x>. The condition
£ (dn,VF (X)) < £(do,VF(x])) is relaxed by using |V.Z (x3) -dy| > A||V.Z(x))|| where ||d,| =1

Z (x0).
and A € [0,1] as one can always choose A = % < 1. For using Theorems I and 2, we set
> X
Mo M |7 (xp)]

Ly ndn =

= s L: = —
AIVZ () AV (x)] AIVZ @)

Corollary 4. This work can also be extended to k-step Newton’s method with frozen first derivative [6, 17]
in Banach-spaces setting.

4 Numerical Examples

In this section, two numerical examples are worked out to show the applicability of (4). The Euclidean
inner product and the corresponding vectors and matrices norms are used. The high level software MAT-
LAB R2012b on an Intel(R) core (TM) i5-3470 CPU 3.20 GHz with 4GB of RAM running on the win-
dows 7 Professional version 2009 Service Pack 1 is used.

Example 1. Consider the cubic polynomial equation % in two dimensions on 9 given in [5, 9, 11], by

+
= g_ea X = (7/17’)/2)T,

F (%)
Choose xo = (1,1)T and 2 = {x: ||x —xo|| < 1 — 0} for 6 € [0,1). The gradient V. of F is given by

VEW) = SRR

18



This gives M = 3/2(2—6), My = f(S 0), n= ?( 0)and B = %=. For 6 = 0.6166, we get

k*l
]+a0] 50
L =2.7668 and Ly = 2.3834. Theorem I requires R 1o satisfy R = ————2—. For k=1, we get R =
1730 ap

+2(1 VO)

] . This implies that there exists a real solution of the polynomial
-7

(2Mo BN +2M3B*n?)R 4+ (L*n? — MoLBn? —4MyBn —2M3 B*1n? —2)R* + (Ln +5MoBn +2)R—3=0.

On substituting the expressions for ay and sq from Theorem I and simplifying. This gives R =2.02108 and
MoBRN = 0.8706 < 1 bur % =1.9325 > 1. Hence, Theorem 1 is not applicable for (4). Now, we verify
the conditions of Theorem 2 Fork=1and Hy(t) = 2Lot*> + Lt — L, we get & = 0.5250, § =2 = 1.050.
Also, lfn =0.8785 < 8 =1.0501 < 2(1 —Lyn) = 1.1138 and I"* = 0.3805. Hence, all the conditions
of Theorem 2 are satisfied and (4) is applicable.

Example 2. Consider a nonlinear integral equation of mixed Hammerstein type given by

1
x(s) =2+ % /0 G(s,0)x(t)*dt (55)

where x € €[0,1], s € [0,1] such that ||x|| <2 and G(s,t) is the Green’s function given by

Gls.1) = {(l—s)t7 r<s,

(I—-1)s, s<t.
Solving (55) is equivalent to solving % (x) = 0, where
F(x) = 2—7/Gst ()2, (56)

We shall solve (56) after transforming it to a finite dimensional problem. For this, we use Gauss -Legendre
formula [20]

/ iﬁ/ v(tj)

where B; and t; are weights and nodes given in Table 1 for m = 8. We denote the approximation of x(t;)
by xj,(j =1,...,m). Now, (55) is equivalent to the nonlinear system of equations given by

Table 1: Weights and Nodes in Gauss-Legendre Formula

] 1 2 3 4 5 6 7 8

Weight(8;) 0.050614 0.111190 0.156853  0.181341 0.181341 0.156853 0.111190 0.050614

Nodes(z;)  0.019855 0.101666 0.237233  0.408282 0.591717 0.762766 0.898333  0.980144

1 8
_2_52611])63:07 i:172,...,8. (57)
j=1
where,
b VBt =1)/2, i <,
YU Bt —1)/2, if i< .
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(57) can be expressed as
1 m
fl-(x)=x,~—2——Za,~jx2- i=1,2,...,8.
To solve (57) with (4), we first transform it into F : Z" — X%, by
i=8 5
F(x) =) filx).
i=1

We take M = sup||.F"(x)||. Starting with xo = (1,1,...,1), we get B = 0.1663,n = 1.1460, M =
X

R e bt SR

Figure 1: Approximate solution of (57).

2.3508, My = 2.3508, L = Ly = 0.3910. We use the direction vector d, = Hgigggn. It is easy to

see that all the conditions of recurrent functions approach is satisfied as I—LIZ) 7= 08l19<6=1<
2(1—Lon) = 1.1038. So, Theorem 2 is applicable for this problem and we get the solution ( 1.7408...,
1.7604..., 1.7849..., 1.8017..., 1.8017..., 1.7849..., 1.7603..., 1.7408...). For k =1, it gives o« = 0.5 and
" =n/(1—a) =2.29207. The approximate solution can be visualized in Fig. 1. Where, it represents
the plot (tj,x;) for j =1,2,3,...,8. But, when we look for the solution by recurrent relations approach,

we get R =2.1551,MoBRN = 0.9657 < 1 but 3 = 6.5278 > 1. Thus, we can not apply Theorem 1.

5 Computational order of convergence and computational efficiency

In this section, the computational order of convergence COC(c) [11, 15, 16] and the computational
efficiency (CE) for different steps of (4) are compared. They are defined as

o A0k ="l g =<1
In(fl_y =1/l —x*1))

and CE — o.l/(OC*IN)’
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where OC is the operational cost per iteration and IN is the total iteration number. In this case, if the
operator .% is such that % : 2 C #" — 2 then 2n+ 1 is the operational cost to perform (2) (k=1). So,
the total operational cost per iteration for (4) is n+ (n+ 1)k. To compute the computational order of
convergence (o) and the computational efficiency (CE), we consider the nonlinear problem considered
in[11].

Example 3.

p m
F(x)= Z(sin x,~)2 + Z (tan xi)z, p is a given integer.
i—1 i=p+1

Here, we consider nonlinear systems of different sizes. From the starting point x8 =(0.1,0.1,...,0.1), the
computational order of convergence, the computational efficiency and the iteration number denoted by
COC, CE and IN,respectively are given for different values of m and p in Tables 2, 3 and 4 in logarithmic
scale. The stopping criteria |.F (x0)| < 1075 is used here. We have considered (4) for different step using
k=1,2,...,10. The direction d is chosen in such a way that it is sufficiently close to the gradient vector

V.Z(x9). It can be seen that if V.7 (x9) # 0, then the vector d, = V7 (xp)

= is the unit vector near to
n [VZ (Dl

V.Z (x0). Here, we have used this direction.

Table 2: COC,CE and IN for (im=10,p=15) and (m=20,p =35)

m k  CoC(o) CE IN|m p k  coc(o) CE IN
10 1 0000923719 1.46622E-05 19 [ 20 5 1 0002057358 1.67265E-05 19
2 0.000952065 9.91735E-06 16 2 0.002170597 1.16699E-05 16
3 0.000952698  7.38526E-06 14 3 0.002200687  8.8381E-06 15
4 0.000944839 5.83234E-06 13 4 0002201381 7.05571E-06 13
5 0.000934072 4.79011E-06 12 5 0.002189731 5.83928E-06 13
6 0.000922447 3.48969E-06 12 6 0.002172578  5.79354E-06 12
7 0.000910809  7.06053E-06 11 7 0.002153048  4.2975E-06 11
8 0.000899514 3.05957E-06 11 8  0.002132685 3.78136E-06 11
9 0.000889524 2.71778E-06 10 9 0.002112281 3.36887E-06 11
10 0.000878454  2.44015E-06 10 10 0.002092255  3.03225E-06 10

It can be observed from Tables 2, 3 and 4 that the computational efficiency obtained by different steps

are competitive to each other. It can be observed that COC increases with increase of steps. After fourth
step, COC is being decreased. Thus, it can also be concluded that the most efficient (4) are obtained with
k=2,34.

6 Conclusions

The directional k-step Newton methods for a finite positive integer k is developed for solving a sin-
gle nonlinear equation in n variables. Using a combination of Lipschitz and center-Lipschitz continuity
conditions, its semilocal convergence analysis is established from two different approaches. The first ap-
proach is based on recurrent relations whereas the second is based on recurrent functions. It is found that
the second approach is more favorable as problems can be constructed for which its sufficient conditions
are satisfied but failed to satisfy the sufficient conditions given by first one. The convergence theorems
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Table 3: COC, CE and IN for (m =20, p = 10) and (m = 50,p = 15)

m p ok COC(o) CE IN| m p k& COC(o) CE IN

20 10 1 0.000923719 7.50991E-06 19 | 50 15 1 0.001836645 6.06153E-06 20
2 0.000952065 5.11863E-06 16 2 0.001931912 4.23665E-06 17
3 0.000952698 3.8261E-06 15 3 0.001955418 3.21087E-06 15
4 0.000944839  3.02833E-06 13 4 0.001953899 2.56417E-06 14
5 0.000934072 2.49086E-06 13 5 0.001942045 2.12245E-06 13
6  0.000922447  2.10604E-06 12 6 0.0019257 1.80309E-06 12
7 0.000910809  1.81798E-06 11 7 0.001907508  1.56225E-06 12
8 0.000901658  1.59488E-06 11 8 0.001888759  1.37464E-06 11
9 0.000883713  1.4174E-06 11 9 0.00187011 1.2247E-06 11
10  0.000878454  1.27312E-06 10 10 0.001851896  1.10232E-06 11

Table 4: COC, CE and IN for (m = 80, p = 40) and (m = 200, p = 50)

m p k  COC(o) CE IN| m p k  CoC(o) CE IN

80 40 1  0.000923719 1.91246E-06 20 | 200 50 1  0.002057358 1.71019E-06 21
2 0.000952065 1.31138E-06 17 2 0.002170597 1.20188E-06 17
3 0.000952698 9.83177E-07 15 3 0.002200687 9.13527E-07 16
4 0.000944839 7.7957E-07 14 4 0.002201381 7.3087E-07 14
5 0.000934072  6.41974E-07 13 5 0.002189731  6.05735E-07 14
6  0.000922447 5.43255E-07 13 6 0.002172578 5.15073E-07 13
7 0.000910809 4.69247E-07 12 7  0.002153048 4.46598E-07 12
8  0.000899514 4.11865E-07 11 8  0.002132685 4.42374E-07 12
9 0.000888713 3.66177E-07 11 9 0.002112281 3.5047E-07 11
10  0.000878454  3.29009E-07 11 10 0.002092255  3.15574E-07 11

for the existence and uniqueness of the solution for each of them are established. Numerical examples
including nonlinear Hammerstein type integral equations are worked out and significantly improved re-
sults are obtained. Further, the computational order of convergence and the computational efficiency are
derived in order to find the suitable k.
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